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How many edges can be in a graph which is forced to be contained in every graph on n verti- 
ces and e edges? In this paper we obtain bounds which are in many cases asymptotically best possible. 

I. I n t r o d u c t i o n  

A wel l -known theorem of  Turfin [10,11] asserts that  every graph on 11 vertices 
and e edges must  contain a complete  subgraph on ;17 vertices if 

( m - 2 )  ., , f r )  
e > 2 (m -- 1~-~ (n- -- r z) + [ 2 

¢ 

where r satisfies r = n  (rood /17--1) and l ~ r = < m - l .  
In this paper  we consider a related extremal  problem.  A graph  which is forced 

to be contained in every graph on n vertices and e edges is called an (11, e)-unavoidable 
graph, or in short ,  an unavoidable  graph. Le t f (n ,  e) denote  the largest  integer 177 with 
the p roper ty  that  there exists an (11, e)-unavoidable graph on m edges. In this paper  
we prove  the following: 

(i) f ( n , e ) = l  if e ~ [ 2  I .  

( e )  e [ e:3 ) 
(iii) J ' ( ; t , e ) =  n + O  ~ i f  n ~ e = :  It 1/3 . 

(O(X)  denotes a quanti ty within a constant  ratio of  X.) 

1/e log n I/e log 11 
(iv) c. l o g - ~ - ]  < Jc(n' e, -:: c 2 / e  log ((~))/e 
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(v) 
(vi) 

for some cons tants  g and C.z where e , ? / 3 < e < [ ~ ) - r ?  +~' and c is between 0 a n d  1. 

In par t icular ,  we have the fol lowing:  

( , , 4 ] 3  _ o(l)) f ( , , e ) > ( l + o ( I ) ) l / 2 - e  if e > > n  ~/a i.e., e 

- [/"/J / f(n+ e) = ( 1 + o ( 1 ) )  |/2e log n / log  2 e + O ( V e )  if n +/a << e = o(n"-). 

The  unavo idab le  graphs  we use for proving  (i), (ii) and  (iii) are  forests which 
are  dis joint  unions o f  stars.  In proving  (iv), (v) and  (vi), we use unavoidable  graphs  
which are dis joint  unions o f  b ipar t i te  subgraphs .  

11. Preliminaries 
We first p rove  several auxi l iary  facts: 

Lemma 1. l f  H is a graph on p rertices and q edges with the property that H is" con- 
rained in ecery graph on i1 points and e edges, then we have 

log n 
q < p. 

Proof.  There  are  at most  n p ways to map  I / ( H )  into {I, 2 . . . . .  n}. Therefore  there 
are  at  most 

~raphs on ,, vertices and e edges whid~ contain H. Since there are {(!)/ grap~s 

on n vertices and e edges each o f  which conta ins  H, we have 

n p q ( 
t? - -  q 

((;)// This implies that  n p > e q and p log n/ log e > q. II 

The next lemma is an immedia te  consequence  o f  k e m m a  1. 

Lemma 2. l f  H is a graph otz p vertices and q edges with the properO' that H is contained 

in eret:t' graph on n points attd n ~-.': edges then we have q < P .  i 
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The tbllowing two lemmas can be found in [9]. 

Lemma 3. S~q~pose G is a bipartite graph on e edges such that V(G)= V, L) V,, where 
[Vx[= m, iV2[ = n and E(G)c= V1 X V.,. Then G contains a complete bil)artite subgraph 

1(5., ,,'it/, vertex set U~U Uo, I G I - - , ,  [u2l =b, u~c t/,, i= I, z, if  m [ b ) ~a  . | 

(2e/n] , fn  l 
Lemma 4. G contains a subgraph isomotT,kic to K.~,, if  n [ s  JG bt)" | 

Lemma 5. &q)pose a graph G has n rertices and e edges, with n4'a<<e, Suppoge t 
sati,~fies n/l/e<<t<<e/n. Then G contains at h, ast sG (1 +o(l))~"2e--/t vertex-disjohTt 
copies oJ" stars S,. 

Proof. Suppose s is the m a x i m u m  zmmber  of  S, embedded in G. Suppose e is an 
arbi t rary  positive value and s < ( l  -8)~'2e/t. Let X~ denote the set o f  vertices in G 

that  the i-th cop3, of  S, is mapped  onto.  Let Z denote V(G)-  U X i. There is at  
i = 1  

most  one vertex in X~, for each i, adjacent  to 2t vertices (or more) of  Z because of  
the cnaximality of  s. Therefore  the nmnber  of  edges between X~ and Z is at most  
n + 2 t  2. The  number  o f  edges in the induced subgraph o f  G on Z is at most  In~2. 

There are at most  s(t 1) edges in the induced subgraph on I,_J X~. 
i = I  

We then have 
tn s 2 ( t + l )  2 ( s+  1)2(1+ 1) " 

' '~ - -  ~ g e  e ~ s ( n T 2 l - ) q - - ~ q  2 ~ 2 

since s<(l-e)(2-~fft e e <<--  and t<<-- .  This implies s t > ( I - e ) | / ~ e  which contradicts  
H It 

s<=(l ~)~/~/t. | 

I I I .  On f ( n , e )  for e - ~ n  'v3 

The value o f f ( n ,  e), for e < n ,  can be easily found by the following obser-  
vations : 

Observation l. f (n,  e ) ~  1 if e~- [. 
[ ~ 

e ~/--~-~ .~ t h e  l a r g e s t  COl~nl o n s L,b o~_.rap,~_ o f  S e (a. s t a r  wit,~ e Observation 2. For  

leaves) and e P  2 (e independent  edges) is a single edge. 
f ! 

3. I f  C~Z~'[2~ ~ a gl 'ap] l  Oil tt p o i n t s  a|l]d e e d g e s  co]-[tail].s P~,. Observation 

Observation 4. For  -~- < e < n ,  the largest common  subgraph of  S~ and P ~ t  

(a pa th  on e edges) contains two edges. 
Therefore  we have 

l ] "Iheorem 1. f(n, e ) :  1 if e =  < and f (n ,  e ) = 2  if ~- < e < n .  

Tile unavoidable  ,graphs in both cases are paths. 
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Theorem 2. Let r. denote a small positi~,e ~'alue. Suppose e < cn 4!3. Then any graph on 
n rertices aml e edges contains a dis/oint union F o f  stars, St, St-.,. . . . . .  S ,_~ . . . .  where 

[(1 2e I t=  
t 

Proof. Let F,.~ denote the forest consisting of S,, S,_., . . . .  , Sr-~.~. We will prove by 
induction on k that F,.k can be embedded in any graph G with n vertices m-ld e edges. 
It is easily seen that F,.~ is contained in G. Suppose F,,k_a can be embedded in G. Let 
V(S,_.u),  1 ~ j ~ k -  1, denote the set of  vertices in G onto which S,_~.j of  Ft.k_~ is 
embedded. Let U denote the union of V(S,_,,fl for 1 < = j ~ k -  1 and U ' =  V ( G ) -  U. 
I f  there are two vertices in V (S,_ ~i) each of which is adjacent to more than 2t vertices 
in U',  then F,,k can be embedded in G. We may assume there is at most one vertex 
in V(St_.,.j) being adjacent to ~ 2 t  vertices in U'.  The number of  edges in the induced 
subgraph of  G on U is at most k" - ( t - k  + l)z/2, since Iol_<-I V(F,,k_,)I ~ ( t - k +  1)k. 

The number of  edges incident to vertices in U is at most 

1 
2 k ' - ' ( t - k + l ) - ,  k n + 2 t k ( t - k + l ) .  

Thus the number of  edges in the induced subgraph G" of G on U'  is at least 

1 
e - ~  k " ( t - k +  I) ~ -  k n - 2 t k ( t - k + l )  ~ ( l - a ) e - k n ,  

since l k ~ ( t - k + l ) 2 + 2 t k ( t - k + l ) ~ _ a e .  Therefore there exists a vertex in G" 

having degree at least 2((1 - e ) e - k n ) / n ~ t - 2 1 ,  ". This implies that F~,~ is contained 
i n G .  II 

t/,+ (e ) Theorem 3. / f  e ~ n  ~/a, we have ,/'(17, e)=  e ~ O 
\ 1 1 ]  ~ " 

Proof. Suppose H is an (n, e)-unavoidable graph. For a subset S of  vertices in /-/, 
we define N ( S )  to be the number of  edges of H incident to vertices in 5". 

Claim we have N ( S ) ~  Y~ 
t7 j ~ i  I, n l 

Proof  o f  Ctahn /. Suppose the contrary. Let k denote the smallest integer so that 

~ [ z : e - 2 / + 6 |  for all S with J S ] : i < k < e - 3  and there exists a set N ( S ) ~  
,i~i 1 , 1 l ]  I1 

- -  j ~ k  \ I ' 1 ]  

We now consider a graph G satisfying the following conditions. 
(~) G has n vertices and e edges. 
([3) V(G) can be partitioned into two parts V~ and V~ where I~ has k -  1 vertices 

for k < ~ - -  J. 

(?) Every vertex in 1fl is adjacent to every vertex in V~. 
2e 

(6) The induced subgraph on /,~ has maximum degree at most - - - 2 k + 3 .  
/7 
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The e~stence of such G can easily be seen by noting that 

2(e-(k-1)(n-k+l))  2e 
< - - - 2 k + 3 ,  

1 7 - k +  1 n 

for n large and k < e - 3 .  
g/ 

Since His  an unavoidable graph, H c a n  be embedded in G. Let ~ denote the 
set of vertices in H which are embedded in V~. Define X=~NS',  X '=~-S"  
and Y = S ' - g .  Also we define N(Y, ~) to be the number of edges in H which 
are incident to vertices in Y and not incident to vertices in ~ .  Let G' be the induced 
suberaph of H on X" U Y. G' has at most 2 ( k -  x) vertices. From Lemma 1 we know 
that G" has at most 3 ( k - x )  edges since e<n~/:L 

We then have 

N(S') <_ N(X)+ ]E(G')I + N(Y, F,) 

On the other hand, we have N(S')> ~ ' [ 2 e - 2 j + 6 / .  This implies 
j ~ k  I , n  ! 

w h i c h  is impossible since x~_k-l. | 

Claim 2. ,E(H)I-~(e)2+ 7(e I . 

Proof of Claim 2. We now consider the graph G satisfying the following properties: 
(cz) G has n vertices and at least e edges. 

[el (l~) V(G) can be partitioned into two parts I/1 and F~ where Vt has n +1 

vertices. 
(7) Every vertex in V~ is adjacent to every vertex in V2. 
(6) No edge is contained in the induced graph of G on 1/1 or V~,. 

( [ e l  ) (  I e ]  } [ U  }~ Ghas +1 n -  - 1  = > e + n -  +1  _->e edges. 

Note that all edges in G are incident to vertices in I/1. Since H is an unavoidable 
graph, H can be embedded in G. Thus ]E(H)I ~N(Y) where Y is the set of vertices 

in V, that H i s  mapped onto. Thus [Y,=</-~I+2=s+2.  From Claim l we have 
~ m 
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We note that Claims 1 and 2 imply 

On the other hand, the graph F as mentioned in Theorem 2 is an unavoidable 

graph and F contains at least ~ + O  ~ edges. We then conclude that 

~nJ  O t ~  ) and Theorem 3 is proved, l l 

We note that Theorem 3 is an improved version of a result in [8] which says 

that for e < ,  ~/a the disjoint union of ~ copies of  stars St~/,,j is an unavoidable 

graph. In Theorem 3 we obtain the best asymptotical value for f(n,  e), e<<n 4/a. 

IV. On .fin, e), for n 1,'3 < e = o07)  

We want to show the following: 

Theorem 4. For n4"a<<e=o(n ~) we hare 

f (n,e)  = (I-q-o(I)) V~-ee logn 

We remark that the first term is relevant only if e > n  e-°(a) where o(1) denotes a 
quantity which approaches 0 as n tends to infinity. 
Proof. Since the complete graph on [l/~e ] vertices has at least e edges, the unavoid- 
able graph H has at m o s t [ t / ~ ]  (nontrivial)vertices.  From Lemma 1, we have 

IECH)I ~ [l/2-e] log .  

Now we want to establish a lower bound off(n ,  e) by finding suitable unavoid- 

able graphs. From kemma 5 we know that Theorem 4 is true if k = l o g  n/Iog 2 e 

is bounded. We only have to consider the situation that k is large. 
Suppose e is an arbitrary positive value. Let x denote the maxin~um number 

with the property that G contains x disjoint copies of  K~.t where s=(1 - e ) k ,  t =  
=kn2/e. Let V~ denote the set of vertices in G onto which the i 'h copy of K,.t is 

embedded. Let U denote V ( G ) -  ~ V;. Because of the maximality of  x, the induced 
i = 1  

subgraph of a on U does not contain K~,,. If x>_-V~-e/(s+t), then, by s=o(t), we 
have 

j.(n, e ) ~  xst =~ (I + o ( 1 ) ) ( 2 e s ~ - ( l + o ( l ) ) l o g , , / l o g  t t 2 ) / e  . 
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Therefore, the induced subgraph of G on U has at most e '<ee  edges tbr any e>0,  
since, by kemma 4, we have 

a,,d 

/ %  

For each i, the bipartite graph B i on ~'~. and U does not contain two disjoint 
copies of K~,~. Let e~ denote the number of edges between B; and U. If  B i does not 

{2ei/m~ _ (2t~ [_ 
contain K,-,2,, then by Lemma 3 we have , h i  s J<Ztl, s J '  where m = [ U  - n -  

- x ( s + t ) > n - 1 / ~ .  This implies that ei<lOkn.  Suppose B i contains one copy 
of  l(~,zt, then by deleting the s vertices in V~ the remaining graph does not contain 
Ks,.~ t and has no more than lOkn edges. Thus, B i contains at most 1 lkn edges. There- 

x 83/2 
fore, the number of edges between U vi and U is at most ~ -  l l kn<ee ,  since 

i=1 

The induced subgraph on ~J Vi must contain at least (1 - 2 e ) e  edges. Thus 
i = 1  

w, contains at least ( I~ -3~)1 /e  vertices. We then have 
i = i  

knZ/e kn z 

Thus, we have proved that 

f ( n ,  e) > xst  ~ (1/2- 6~) l/e. k 

for any e>O and n sufficiently large. II 

When e is close to 2 • i.e. - e = o ( n - ) ,  our results on f(n,  e) are somewhat 

less precise. 

Theorem 5. L e t c a n d c "  ds,,ote vahtessatisfying 0<c ,  c ' < l .  I f  cn- ~ < e < ( ~ ) - ' ,  1+c', 

then we have 

]/e log n |/e log n 
c~ < f (n ,  e) -< c2- 

[ ' o r  s o m e  c o n s l a n t s  c 1 ( I n d  c 2 , 

3* 
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Proof. The upper bound follows from Lemma 1. Let G denote a graph on n vertices 
and e edges. Suppose e=dn 2, c<d< I/2. It can be easily checked from Lemma 4 
that any G ' ~ G  of  e/2 edges contains a complete bipartite graph on two sets of  
d'  log n vertices where d ' =  1/2 log (l/c). Now, consider a maximal number of  x 
disjoint copies of K~,t, t--(d'/2) log n, which can be embedded in G. By removing 
dn/2 vertices, there are at least e/2 edges left, therefore we have xd' log n>-dn/2. 
Thus dn/(2d" log n) copies of K~,t form an unavoidable graph which has (dd'n log n)/8 
edges, and we establish (iv) for e=&7 ~-, where c<d<l/2.  

Suppose e=  2 - e  and o(nD=e'>n 1+''. We have 

log n 
- ( 1 + o ( l ) )  - e" - k  

Then G contains K~,~ with s=c'k/2 since 

2e/it } 
tl e* S 

S ( ' I /S  - -  ,1 ' o g  ,~ 

e ' ]  ~ 

--['@1 
e t 

- -  n log It 
- -  exp 

e 

n~+C'/2logn 

It is easy to see that G contains n/lOs copies of K~,~ since deleting n/5 vertices ill G 
there are still at least e/2 edges left. This proves that f(n, e)~-qkn for some constant 
q and the proof  of  Theorem 5 is completed. II 

Corollary. Supt,ose e = ( ~ ) - n  l+c. Then 

c I n 2-c log n < f(n, e) < c,an 2 .... log n. 

Now by combining Theorems 4 and 5 together with the fact that [8] any graph 

on n vertices and e edges, where e>,?/'~, contains the forest consisting of  [a-~/~l 

disjoint copies of stars Ste/,,j, we conclude the following: 
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H) 1+c Theorem 6. I f  c is a value between 0 and l, and n a / a < e <  2 - n  , then 

( e  log n I/e log n 
q n < f (n ,  e) < e~ 

for  some consl~,nls C 1 and e,,. 

VI. Concluding remarks 

The unavoidable graph problems are in fact the complementary problem of  
the universal graphs. For  a given calss H of  graphs, a graph G is said to be H-universal 
if G contains every graph in H as a subgraph. Univegsal graphs are investigated in 
[2--7]. Now suppose G is an (n, e)-unavoidable graph. Then the complement  G'  

maximum (n, e)-unavoidable graph must be a minimum universal graph on n vertices 

which c o n t a i n s a l l g r a p h s o n n v e r t i c e s a n d  ( 2 ) - e  edges. T h u s w e h a v e  

where g(n, e') denotes the minimum number  of  edges in a graph on n vertices which 
contains all graphs on n vertices and e' edges. It is proved in [1] that  

n a n'-' log log n 
: g(n,  c2n) ~ ca 

c~ log'-' n log n 

for some constant  c,, c2 and ca. Therelbre we have 

[ } {) "' n 2log log n n _ cl 
-Ca logn  < f  n, - c 2 n  < 2 log2n " 

For  large e'>n, g(n, e') approaches |'~l rapidly. For example, g(n, n log n) 

is at least cn ~ for some constant  c (see [1]). Therefore, the relation (vii) does not give 

(°) interesting bounds for f (n ,  e) for e <  2 - c n  logn.  

For  > e > ( 1  - e )  2 ' ~ small, the value o f f ( n ,  e) is still not  determined. It 

would also be o f  interest to tighten the bound in the case of  n4/a<e<n '-~. 
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In another direction, one can ask the same questions for r-unitbrm hyper- 
graphs. Here, the answers are harder to obtain and are known with less precision. 
This topic will be treated in a later paper. 

Acknowledgement. The authors  wish to acknowledge the helpful comments  o f  R. L. 
Gi'aham in preparing this paper. 
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